In previous elass, we initiated the study of relations and functions, where we studied
gt domain, codomain and range alongwith different tvpes of specific real=valued
functions and their graphs. All these coneepts are the basies of relations and funetions.
In this chapter, we will study about different types of relations and functions,

RELATIONS AND
FUNCTIONS

| TOPIC 1|

Relations

ORDERED PAIR

A pair of elements listed in a specific order separated by comma and enclosing

within the parentheses, is called an ordered pair. e.g. (4,6) is an ordered pair with v CHAPTER CHECKLIST

a as the first element and & as the second element, ¢ Relations

CARTESIAN PRODUCT | * Functions and Their Types

The set of all ordered pairs(a, b) such thata € Aand b € B, is called the cartesian
product or cross product of sets A and B; and it is denoted by A x B. Similarly,
the set of all ordered pairs (b, @) such that b€ B and a € A, is called the cartesian
product or cross product of sets B and A; and it is denoted by 8 x A,

Thus, AxB={(a.b):ae A beBland Bx A={(b,a):ae A, be B)
eg If A={1,2,3}and B={4,5}, then

Ax Bis {(1,4),(1,5),(2,4),(2,5),(3,4),(3,5)
and Bx Ais {(4, 1), (4, 2) (4, 3), (5, 1), (5, 2), (5, 3)}.

RELATION

In Mathemarics, the concept of the term ‘Relation’ has been drawn from the
meaning of relation in English language, according to which two objects or
quantities are related, if there is a recognisable connection or link between two
objects or quantities.
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Relation on Sets A and B

Let A and B be two non-empty sets, then a relation & from
set A 1o set Bisasubsct of AX B, ie. RS AX B

Here, the subset & 15 derived by describing a relationship
between first and second elements of the ordered pairs in
A % B. The second element is called image of first element.

e.g Let A= Ser of students of class X1l of a school and
B = Set of students of class X1 of the same school. Then,
R={(a,b)e Ax B : age of a is greaver than age of b} is a
subset of A x 8 and thus R is a relation from set A 1o set 8,

Mote If (& b)e R, then we write it as afb and we say thal & is related

to b undear the relation R, If {a,b) ¢ A, H'lanmwaa'rrmaﬂﬂm:lm
say that a is not related to b under the relation A.

Relation on a Set

Let A be a non-empty set, then a relation from A o irself,
i.e. a subser of A x A, is called a relation on ser A (or a
relation in set A). e.g. Ler A={12, 3, 4}, then

R=lla,bleAx A:a=b=3={4,1] is a relation on set A

Domain, Range and
Codomain of Relation

Let us consider a relation R from set A w set B
e A= 8 Then, the set of all first elements of the
ordered pairs in K is called the domain of relation and the set
of all second elements of the ordered pairs in R is called
range of the relation, i.e. domain (R)={a:(a,b) € K} and
range (K) = {&:(a, b) € B}. The set B is called the codomain
of relation K. Thus, the domain of a relation & from set 4 o
set B is a subser of set A and range is a subser of set B, i
range is a subset of codomain,

EXAMPLE |1 IfR = {(x, y): x + 2y =8} is a relation
on a set of natural numbers (N), then write the domain,
range and codomain of R. |All India 2014)

Sol. Given, R = {(x, y): x + 2y = 8}on a set of natural numbers.
Consider, x + 2y = & which can be rewrittenas y = - -2 =
Now, as x, y € N, therefore substitute values of x from

natural numbers such that ye N.

Onpuuingx-z.wegclyns;zz-3
§~4
Onpumngxml.wegely-T-Z

: 8=6
()npumngx-b.wcgcty-—z——-l

Thus, R = {(2 3),(4, 2),(6, 1)}

[ there is no other value of x, for which ye N )
- Domain of R= {2, 4, 6}, codomainof R= N
and range of R= (3, 2,1},
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TYPES OF RELATIONS

There are various types of relations on a ser A, which are

given below

EMPTY OR VOID RELATION

Relation K in a set A is called an empty relation, if no
element of A is related o any element of A, ie
R=pcdxA

e.g Levser A={1,2,3,8,10, 11} and R be a relation in A,
given by R={(a,b):a=b=4) Then, R is an empry
relation. Since, no element (a, b)) Ax A savisfy the
property a = b = 4,

UNIVERSAL RELATION

Relation & in a ser A is called an universal relation, if each
element of A is reluied o every element of A, ie

R=Ax A
eg. Let set A={L2 3.4} and relavion R is given by

R={(a,b):|a = 8|20} Then, R is a universal relation.
Since, all ordered pairs (a, b) € A % A satisfy the property
|-i' - .Erl 20,

IDENTITY RELATION

Relation R in a set A is called an identity relation, if each
element of A is related to itself only and it is denoted by
favie ly=R={(a,a):ae A}

e.g. Let set A={1,2}, then the identity relation R on A
is given by R ={(1,1),(2,2)}. But the relation

Ry ={(1, 1), (2,2), (1 2)} is not an identity relation on A,
because element 1 is related to elements 1 and 2,

REFLEXIVE RELATION

Relation R in a set A is called reflexive relation, if

(a,a)e R, foreveryae A, ic.aRa,Vae A

c.g

(i) Let A={11,12, 15} and relation on it is defined as

R={(11,11),(12,12),(11,12),(15,15),(11, 15),
(12, 15)}. Then, R is a reflexive relation, Since, for
everyelement 11, 12and 150f A, (11, 11),(12,12)
and (15,15) e R.

(ii) Let A be the set of real numbers and relation on it is
defined as R={(x, y):x+ ye€ A]. Then, R is a
reflexive relation,

Since, sum of two real numbers is also a real number,
therefore R = A x A.

Hence, R is reflexive, as (@, a) € R, forevery a € A,
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SYMMETRIC RELATION
Relation R in a set A is called symmetric relation, if
(a,b)e R => (b, a)e R, for every a, be A
e, alRb=bRa Vabe A
g
(i) Let A={11412,13} and relation on it is defined as
R={(11,10,{11,12),(12,12), (12, 11)}.
Then, R is a symmetric relation.
Since, (1L12)e R= (12,1) e R
(i1} Ler A be the set of even natural numbers and relation
on it is defined as
R ={(x, y):x+ yis divisible by 2}.
Then, it is a symmetric relation.
Since, sum of two even natural numbers is always
even and hence divisible by 2, therefore R= A x A.
Thus, R is symmetric as (o, 8) € R = (b, a) € R, for
every a, b e A.

TRANSITIVE RELATION

Relation & in a sct A is called transivive relation, if(a, £le &

and (b,c)e R = (a,c)e R,V a, bce A

e, alband bRe = ale, VW a, b,ce A,

e.g (i) Let A={1112,14} and relation on it is defined as
R={(1L 10, (11,012), (12, 14),(12,12), (11, 14)}.
Then, it is a ransitive relation.

Since, (1L 1) e Rand (1L 12)e R=(11,12)e R,

{(IL1Ne Rand (11, 14)e R =3(1], 14} e &,

(1L12)e Rand (12 14)e R=(11,14) e R,

(1L,12)e Rand(12,12)e R = (11,12)e R

and (12, 12)e Rand (12, 14)e R =(12,14) e R.
(1) Let A be the set of positive integers and relation on it

is defined as B = {(x, y):x< 5,V x, y& A} Then, it

is a transitive relaton,

Since, x<yand y< z

= x<zforeveryx, y,z€ A.

Thus, (x, y)€ Rand(y,z) e R = (x,z)e R,

for every x, y,z € A,

Note

(i) A relation R on set A is not reflexive, if there exists an element
ae Asuch that (a, a)eR.
eg Let A={4 57} and R={(4 4)(4,5).(7.7)}, then R is not
reflexive. Since, 5€ Abut (5, 5) ¢ R,

(i) I R does not have any alement of the type (a, b), where a # b,
then A s symmetric. Also, if R does not have elements of the
type (a, b) and (b, c) then A is transitive,

8.9 Let A= {12 3} and R ={(1, 1), (2,2)}, then R is symmetric
and transitive,

{ill) Identity redation is always reflexive, symmetnc and transftive.
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Method to Solve the Problems

Based on Types of Relations

In these types of problems, a set and a relation defined on
that set is given to us and we have o check or show that
given relation is reflexive or symmetric or transitive. For
this, first we denote the given set as A and the given relation
as K. Then, check the given relation is reflexive or

symmetric or transitive as follows

FOR REFLEXIVE

We have to show that for all 2 € A, (a, a ) € R. For this, we
take an arbitrary element of set A in form of a variable
(say x) and then check whether (x x) satisfy the given
condition of R or not Le. (x, x)& K or not. IF it sansfy the
given condition, then R is reflexive otherwise not.

FOR SYMMETRIC

We have o show that for @, be A, if (a,b)e R, then
(&, a) € R. For this, we take two arbitrary elements of set A
in form of two variables (say x and y) such that (x, y)e R
and then check (y, x) satisfy the given condition of K or not
i.e. (y,x)e R or not. If they sadisfy the given condition,
then R is symmetric otherwise not.

FOR TRANSITIVE

We have to show that for a, &, c€ A, if (a,6)e R and
(b.c)e R, then (a,c)e R. For this, we take three
arbitrary elements of set A in the form of three variables
(say x, y and 2) such that (x, y)€ Rand (y, £) € K and then
check whether (x, 2) satisfy the given condition of R or not
i.e. (x, ) € K or not. IF they satisty the given condition, then
R is transitive otherwise not.

Mote Genarally, whanever we have o prove of show that
given relation is reflexive, symmatic or transilive, then we lake
variables and when we have to show that given relation is not

reflexive or symmedric or iransifive, then we take elements of set io
justify,

EXAMPLE |2| Show that the relation R in the set
{1,2,3) given by R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3)} is
reflexive but neither symmetric nor transitive.
Sol. Let the given setbe A = {1, 2 3}

and R={(1,1), (2 2), (3 3).(1, 2), (2 3))

Reflexive Here, 1,2, 3¢ Aand (1,1).(2,2). (3. 3)e R

ie forallae A, (a a)e R.

So, Ris reflexive.

Symmetric Here, (1, 2)e Rbut(21)g R

So, R is not symmetric,

Transitive Here, (1, 2)e Rand(2 3)& Rbut(1,3)¢ R

So, R is not transitive,
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EXAMPLE |3| Check whether the relation R defined in Thus,(1,3)e R=p(31)e R
theset A = {123, 4,56} as R= {(x, y): yis divisible by So, R is not symmetric.
x} is reflexive, symmetric and transitive. INCERT) Transitive Here, 1, 3,96 A

(3 For reflexive, show for all x € A, (x x) e R. For symmetric, Classly, (1,5)8 X, 2s3(1) =3 =0
show (x y) € R =3 (y, X) €R, X, y € A. For transitive, show and (3,9 € R as3(3)=9=0

(x,y)eRand (y, 2)eR=s (X, 2)eR, X y, 2 €A Butif (1,9 € R then 3(1)=9=0=2-6=0=3(1,9) R
Sol. Given, R=|(x, y): y is divisible by x) Thus,(1, 3)e Rand(3, 9)e R=b(1, 96 R

and A=(1,234.56]| So, R is not transitive.

Reflexive Let x € A be any arbitrary element, . 3 A = o=

We know that x is divisible by x. EXAMPLE |5| Give an example of a relation, which is
[ every real number except zero is divisible by itself] (i) symmetric but neither reflexive nor transitive.

= (x,x)e R (ii) transitive but neither reflexive nor symmetric.

Since, x € A was arbitrary element, therefore (iii) reflexive and symmetric but not transitive,

(x.x)e RV x& A So, Ris "“""“"_" _ (iv) reflexive and transitive but not symmetric,

Symmetric Clearly, 2, 4€ A and 4 is divisible by 2, but (v) symmetric and transitive but not reflexive. [NCERT]

2 is not divisible by 4.

’ (24)eRbut(4,2)e R

So, R is not symmetric,

Transitive Let x, y.z€ A such that (x,y)e R and

Sol (i) Let A={1, 2 3} and defined a relation R on A as
R={(1,2), (2 1)}
Then, R is symmetric, as (1, 2)e R =2 (2, 1)e R

(n.2)eR R is not reflexive, as1& A but (1, 1) € R,

Now, as(x, y) & R, therefore y is divisible by x. R is not transitive, as (1, 2),(21)e Rbut(1, 1) ¢ R,

ie. l-kl(uy) A1) (i) Let A= (1, 2, 3} and defined a relation R on A as
.. R={(1, 2),(2 2)).

where, k, is a natural number Then, R is transitive, as (1,2).(2.2)¢ R => (1,2)€ R

and as(y, z) € R, therefore z is divisible by y. Ris not reflexive, as1e A but (1.1) ¢ R

ie. ;-k, (say) i) R is not symmetric, as (1, 2)e Rbut (21) € R

(ii) Let A ={1, 2, 3} and defined a relation Ron A, as
R={(1,1),(2,2).(3,3),(1,2),(21),(23), (3, 2)}
Then, R is reflexive, as for each a€ A, (q, a)& R.

where, k, is a natural number,
On multiplying Eqs. (i) and (i), we get

%xi-k'k, = 'ij'kukz R is symmetric, as (1, 2)e R=>(21)e R
k ki y and(2,3)e R=>(3, 2)e R.
where, k k, is a natural number. R is not transitive, as (1, 2).(2 3)e Rbut (1, 3)# R,

z is divisible by x.
'ﬁuu. ('x. zfe i i:u (‘x. y): (‘y. z)'e li.-
Le. (x,y)eR(yz)e R=(xz2)eR
Hence, R is transitive,

(iv) Let A = {1, 2, 3} and defined a relation Ron A as

R={(1, 1), (2, 2), (3, 3), (1, 2)}

Then, R is reflexive, as for cach ae A, (a, a)e R
Ris transitive, as (L, 1)e R (1, 2)e R=>(1, 2)e R
and (1, 2)e R, (2, 2)e R=>(1, 2)e R

EXAMPLE |4| Check whether the relation R defined in Ris not symmetric, as (1, 2)& Rbut (2.1) ¢ R.

set A= {1,23,..,13,14) as R={(x, y): 3x=-y=0} is

reflexive, symmetric and transitive, (v) Let A ={1,2, 3} and defined a relation R on A as
Sol. Given, R= [(x, y):3x = y =0} R={(2,2), (3, 3).

and A={234567891011121314) Then, Ris symmetric, as R does not have any element
Reflexive Here, 2€ A of the type (a b). where a # b,
If (2 2)e R then ¥2)=2=0 Ris transitive, as K does not have elements of the type
= 4=0 [not true) (a, b) and (b, ¢).
(22)eR R is not reflexive, as1e Abut (L, 1) R
So, R is not reflexive.
Symmetric Here, 1,3€ A EXAMPLE |6] Let a relation R on the set N of natural
Clearly, (13)€ R as ¥1) = 3=0 number be define as R={(x, y):3x* =7xy+ 4y’
But if (3,1) € R, then 3(3)=1=0 =0; x, y€N }.Then, show that relation R is reflexive but
= =0 [not true)  neither symmetric nor transitive,
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Sol. Given, R={(x,y):3x* =7xy+4y’ =0, x,y& N)
={(x,y):3x  =3xy=dxy +4y' =0 x, ye N}
=|(x, y):3x(x = y)=dy(x=y)=0 x, ye N
={(x, y)i(x =y)(3x =dy)=0 x, ye N}

Here, we get those ordered pairs (x, y) which satisfy the
equation defined in R

Reflexive Since, xBx =3 (x = x)(3x =4x)=0

=>0= 0, which is true, so R is reflexive.

Symmetric Now, xRy = (x = yN3x =4dy)=0

and yRx =3 (y = x N3y =4x)=0

Clearly, xRy = yRx

S0, R is not symmetric,

Transitive Now, xRy =(x = y)(3x =4y)=0
yRz=(y=2)(3y=dz)=0

and xRz = (x=zN3x =42)=0

Here, (x = yN3x =4y)=0and (y = z)(3y =42)=0

- (x =2)(3x =4z)=0

So, R is not transitive.

EQUIVALENCE RELATION

A relation K on a set A is said to be an equivalence relation
on A ifficis
(1) reflexive i.c. aRa or(a,a)e R,V ae A,
(i) symmetric i.c. aRb = bRa or(a,b) e R
= (b a)e R, where a,be A

(i11) transitive i.c. if aRb and bRe, then ake or (a, b)e R
and (b,c)e R = (a,c) € R, where a, b,c € A.

EXAMPLE |7] Let T be the set of all triangles in a plane
with R is a relation in T given by R= {(T,,,): T, is
congruent to T,andl,,7, €T} Show that R is an
equivalence relation.

Sol. Given, T = Set of all triangles in a plane

and R= {(T,, 7,): T, iscongruentto T, and 1), T, € T )
We know that two triangles are said to be congruent, if
they have same shape and same size.

Reflexive Let T, € T be any arbitrary element. We
know that every triangle is congruent to itself. So,
T,RT,,ie.(T,, T,)€ R Now, as T, was arbitrary element
of T, therefore R is reflexive,

Symmetric Let 7, T, € T, such that

(T,, T,)e R=T, is congruent to T,.

= T, is congruent to T,.

[ if a triangle is congruent to another triangle,

then they are congruent to each other]
=3 (T, T,)e R
s Ris symmetric.
Transitive Let 7,, Ty, Ty € T, such that
(7,,T;)e Rand (T, Ty) e R,
B T, is congruent to T, and T, is congruent to T,
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= T, is congruent to T,
= (T,,T,)e R
o Ris transitive,

Thus, the relation R is reflexive, symmetric and
transitive, So, R is an equivalence relation.

EXAMPLE |8| Given a non-empty set X, Consider P(X),
which is the set of all subset of X. Defined the relation Rin
P(X) as follows
For subsets A and B in P(X), ARBif and only if A ¢ B
Is R an equivalence relation on P(X)? Justify your answer,
Sol. Given, R={(A, B): Ag Band A, Be I(X)).
Reflexive We know that every set is a subset of itself,
then ARA,V A& P(X)
So, R is reflexive.
Symmetric Let A, Be AX) suchthat ARE=sAgCH
This may not be implied that Bg A,

For instance, if A= {1, 2}and B= {1, 2, 3), then A is
related to B, but it cannot be implied that B is related
to A,

So, R is not symmetric.

Hence, R is not an equivalence relation on P(X) since it
is not symmetric,

EQUIVALENCE CLASSES

Consider an equivalence relation R on a set Aand leta e A,
Then, the set of all those elements of A which are related 10

a, is called the equivalence class of R determined by 4; and it
is denoted by [«]. Thus, [a]={be A:(a,b) e R}.

Now, by finding the classes determined by the clements of
A, we can write A as union of disjoint classes, We call these
classes as equivalence classes of R. Thus, R divides A into
mutually disjoint equivalence classes.

In other words, if R is an equivalence relation on a set X,
then R divides X into mutually disjoint subsets A, called
partitions or sub-divisions of X, satisfying
(i) foreachi;all elements of A, are related o cach other.
(i) no element of A, is related to any clement of A j
i

(VA =Xand A, NA; =¢,i# )
Then, subsets A, are called equivalence classes of R.
e.g. Consider a equivalence relation R on the set Z of all
integers defined as R= {(a,6):a,b€ Z, a—b is divisible
by 2}, then Z =[0]U[1], ie. R divides Z into mutually
disjoint equivalence classes, [0] and [1].
Justification We know that

(i) if both @ and & are even or odd integer, then a = b is
divisible by 2 and hence (4, b) € R.
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(i) if one of @ and b is an odd integer and other is an even
integer, then @ = & is not divisible by 2 and hence
(a,b)e R.

Therefore, all even integers including 0 are related o0 0,
which implies as (0, 0), (0, £ 2), (0, £ 4), etc,, lie in R, Also,
all odd integers including 1 are related to Iwhich implies as
(L£1),(1,%3), etc,, lic in X

Thus, all even integers belongs to the class determined by 0
(i.e. denoted by[0]) and all odd integers belongs to the class
determined by 1 (i.e. denoted by [1]). Also, we know that
the set Z is the union of set of even integers and set of odd
integers. Hence, Z =[0]U[1}

EXAMPLE |9| Let R be the equivalence relation in the

setA = {0,1,2,3,4,5) given by R = {(a, b): 2 divides (a ~ b)}.

Then, write equivalence class [0]. [Delhi 2014C)
Sol. Given, A = {0,1, 23.4,5) and R = {(a,b): 2 divides (a=b)}.

Clearly, [0]= [be A:(0,b)e R} = |be A :2 divides (0= b))
={be A:2divides (=b)}.

So, beanbe 0,2, 4.

Hence, equivalence class [0] = {0, 2 4},

EXAMPLE [10] Let A={12,3,...,9) and R be the

relation in A x A defined by (a, b)R(c, d), ifa+d=b+¢
for (a, b), (c, d) in A x A. Prove that R is an equivalence
relation and also obtain the equivalence class [(2, 5)].
[Delhi 2014; NCERT Exemplar)
Sol. Given arelationR in Ax A, where A={1, 23 ...,9),
defined as
R={((a b),(c,d):a+d=b+c)
or (a, b)) R(c,d)ifavd=b+e
Reflexive Let (a, b) be any arbitrary element of A x A,
Le. (a, b)e A X A, wherea, be A
Now,as a+b=b+a [ addition is commutative]
(@, b)R(a, b)
So, R is reflexive.
Symmetric Let(a, b) (¢, d)& A x A, such that
(a b)R(c,d)thena+ d=b+c
= becmasd = c+b=sdia = (¢, d)Rq b)
So, R is symmetric.
Transitive Let(a, b), (c,d) (e, f)& A x A such that
(a, b)R(¢, d)and (¢, d)R(e, f).
Then,a+d=b+candc+ f=d+e
On adding LHS to LHS terms and RHS to RHS terms, we
get atdvc+ f=brcrdre
= a+ f=bte = (a b)Rie, [)
So, R is transitive, Thus, R is reflexive, symmetric and
transitive. Hence, R is an equivalence relation.
Now, equivalence class containing an element x of A is
given by {y :xRy). Here,(a, b)R{c, d)
= avd=b+c
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So, for (2, 5), we will find(c, d)suchthat 24+ d=5+¢.

Clearly, (2,5)R(1,4) as 2+4=54+1
(25)R(25) as 2+5=5+2
(L5R3.6) as 2+6=5+3
(25)R(4,7) as 247 =544
(25)R(58) as 248=545

and (2Z5)R6,9) as 2+9=54+6

where, 1,2,3,...,9€ A,

Hence, equivalence class [(2 5)] = {(1, 4), (2 5),(3, 6),
(4, 7).(;3.(« )

EXAMPLE |11| Show that the relation R in the set

A=(1,2,3, 4,5} given by R = {(a, b) : |a = b| is divisible
by 2} is an equivalence relation. Write all the equivalence
classes of R. [All India 2015C)

Sol. We have a relation Rin set A = {1, 2, 3 4, 5) defined as
R={(a b):|a~b| is divisible by 2}

Clearly, R = {(1,1), (1, 3), (1, 5), (2 2), (2 4), (3, 1),
(3,3). (3, 5), (4, 2),(4, 4),(5,1). (5 3), (5 5)}
Reflexive For any a€ A, we have |a = a| =0, which is
divisible by 2.
= (a,a)e RV ae A
Thus, R is reflexive.
Symmetric Let g, be A, such that (a, b)e R
= |a=b|is divisible by 2
= |a=b|=2A forsome L € N
= |b=a|=2) forsomel € N
= (ba)eR
Thus, R is symmetric.
Transitive Let a, b, ¢ € A, such that (e, b)e Rand
(b,c)e R
=>  |a= b|is divisible by 2 and |b = ¢| is divisible by 2,
= |a=b|=2Aand|b=c|= 2y, for some A, € N
= (a=b=t2hand(b=c)=%2p
Now, [a=c|=|(a=b)4(b=c)|=|t 2k + (% 2p)|

=|& 20 2 2|=2|t A £y

=2 [some positive number|
= |a=c|isdivisible by 2 = (a,c)e R
Thus, R is transitive.
Hence, R is an equivalence relation.
Now, [a]l=[x e A:(a x)e R}

F._quivnlcnce class [l. ] . i, 3, Si [2]- |z. 4 }[3]- {i. 1A5i.-
[4]={2 4}and [5)= {1, 3 5}
Hence, [1] = [3] = [5] = {1,35) and [2] = [4] = {2.4)

[sla=b|=|b=a]]

EXAMPLE |12] Let L be the set of all lines in XY-plane
and R be the relation in L defined as
R={(L, L,):L, is parallel to L,}.
Show that R is an equivalence relation, Find the set of
all lines related to the line y = 2x + 4. [NCERT)
Sol. Given, R={(L,, L,): L, is parallel to L,).

Reflexive R is reflexive as any line L is parallel to itself,
ie(l, L)e R
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Symmetric Now, let (L, L,)e &

= L, is parallel to Ly = L, is parallel to [,

= H_!, LI Je R

5o, R is gymmetric,

Transitive Now, let (L, L) (L,, L,)e R

Then, L, is parallel to L, and L, is parallel 1o L.

= L, is parallel to L,.

= (L, Lyle R

S0, N is transitive,

Hence, Ris an equivalence relation.

The set of all lines related to the line y = 2x + 4 is the
sel of all lines that are parallel to the line y = 2x + 4,
Slope of line, y=2x +4ism=2 7
It is known that parallel lines have the same slope.

S0, the line parallel to the given line will be of the form ]
ye=2x+e, wherece R

Hence, the set of all lines related to the given line is
given by y = 2x 4+ ¢, wherec & R

| TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS
1 Avrelation [ from Cto R is defined by

5 MA=(re Z:0<x<12) and R is the relation in A
glven by R ={(a, b): a = &). Then, the set of all
elements related to 1 is
(a) [1,2) (b) (2, 3)

(e) 1) (d) (2}

VERY SHORT ANSWER Type Questions

6 IfR is a relation ‘is divisor of ' from the set
A=(L2 3] o B = (410,15}, then write down the
set of ordered pairs corresponding to R,

Let R = {(a.a®): a is a prime number less than 5} be
a relation. Find the range of R. [Fareign 2014

State the reason for the relation R in the set
(1,2 3} given by R = {(1,2), (2, 1)} is not to be
transitive, |Foreign 2011)

SHORT ANSWER Type | Questions

9 Let A={0,12 3) and define a relation R on A as

R ={(0,0),(0,1),(0,3),(1,0),(1,1),(2,2),(3,0),(3,3))
Is R reflexive, symmetric and transitive?
[NCERT Exemplar|

X [ ye|x|= y. Then, the correct option is

(a) 2+4) F 3 (b)3f(-3)

{ehi f1 (d) (2 +3d) f13

If a relation R on the set {1, 2, 3) be defined by
R={(L2)) thenR is INCERT Exemplar|
{a) reflexive (b) transitive

(c) symmetric {d) None of these

The relation R in the set of natural numbers W
definedas R={(x, y): y=x+5and x< 4} is

(a) reflexive (b) symmetric

{d) Mone of these

Let set X =(1, 2, 3) and a relation R is defined in
Xas:R={(1,3),(22),(3, 2)}, then minimum

(c) transitive

10

For real numbers x and y, define x R y if and only
if x = y ++/2 is an irrational number. Is R
transitive? Explain your answer.

Let A= [a, b, ¢} and the relation R be defined on
Aas R ={(aa),(b.c)(a b)) Then, write minimum
number of ordered pairs to be added in R to
make R reflexive and transitive,

SHORT ANSWER Type Il Questions

12

Let A={[re Z:0< x <12} Show that
R={(a,b):a, be A, |a=>bis divisible by 4) is an
equivalence relation. Find the set of all
elements related to 1, Also, write the

equivalence class [2]. [CHSE 2018

- 13 Show that the relation R in the set A of real
ardered pairs which should be added in relation E
R to maEﬂ it reflexive and symmetric are numbers defined as R = {(a, b): 2 £ b} is reflexive
|CBSE 2021 (Term )] and transitive but not symmetric. INCERT]
{a) [(1,1), (2, 2), (1, 2)) 14 Show that the relation S in the set R of

(b) {(3, 3), (3,1), (1, 2))
(e} ({1, 1), (3, 3), (3,1), (2,3))
(d) (11, 1), (3, 3), (3, 1), (1,2))

Get More Learning Materials Here: m

real numbers defined as S = {{a, b:a, b e R and
a < b*)is neither reflexive nor symmetric nor
transitive, [Delhi 2010]
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15

16

17

19

20

21

22

Let a relation R on the set Aof real numbers be
defined as(a,b)e R =1 4+ab>0,Va, be A Show
that R is reflexive and symmetric but not
transitive,

Let N be the set of all natural numbers and let R
be a relation in N, defined by

R = {(a, b): ais a multiple of b).
Show that R is reflexive and transitive but not
symmetric,

Let Abe the set of all points in a plane and R be
a relation on Adefined as R = ((P, Q): distance
between P and Q is less than 2 units), Show
that R is reflexive and symmetric but not
transitive,

Let R be a relation defined on the set of natural
numbers N asR = ((x,y): xe N, ye N and

2x 4 y = 24), Then, find the domain and range of
the relation R. Also, find whether R is an
equivalence relation or not. [Delhi 2014C)

Let A= (12 3). Then, find the number of
equivalence relations containing (1, 2).

Prove that the relation R on Z, defined by
R ={(x, y):(x = y)is divisible by 5} is an
equivalence relation, |Delhi 2020)

Let R be a relation on the set A of ordered pairs
of positive integers defined by (x, y) R (u, v) if
and only if xv= yu, Show that R is an
equivalence relation, INCERT)

Show that the relation R defined by (a, b) R (¢, d)
=a+d=b+contheset N x N isan
equivalence relation. [All India 2010)

LONG ANSWER Type Questions

23

24

Get More Learning Materials Here: & (ol >,

Show that the relation R in the set

A=(1,2 3 4, 5) givenbyR = ((a, b):la-blis
even) is an equivalence relation. Also, show
that all elements of {1, 3, 5) are related to
each other and all the elements of (2, 4) are
related to each other, but no element of

(1, 3, 5) is related to any element of (2, 4).
INCERT)

Show that the relation R in the set Aof
points in a plane given by R = ((P, Q) : distance
of the point P from the origin is same as the

distance of the point Q from the origin) is an
equivalence relation. Further, show that the set

of all points related to a point P # (0,0) is the
circle passing through P with origin as centre.
INCERT)

25 Show that the relation ‘is similar to' on the set
of all triangles in a plane is an equivalence
relation.

26 IfR, and R, are equivalence relation in a
set A then show that R, n R, is also an
equivalence relation. Also, give an example to
show that the union of two equivalence
relations on a set Aneed not be an equivalence
relation on a set A,

27 LetX=(1,23,4,56,7,8,9).Let R bea
relation on X given by B, ={(x. y): x = yis
divisible by 3) and R, be another relation on X
givenby R, =((x)): (xy)c (1,4,7) or
{(x.y) {2 58}or (xy) c (3, 6,9)). Show that
R, = R, INCERT)

28 Inthe set of natural numbers N, define a
relation R as follows Vn,me N nRm, if on
division by 5 each of the integers n and m
leaves the remainder less than 5, i.e. one of
numbers 0,1,2 3 and 4. Show that R is an
equivalence relation. Also, obtain the pairwise
disjoint subset determined by R.

[NCERT Exemplar|
29 If N denotes the set of all natural numbers
and R is the relation on N x N defined by
(a,b)R (¢, d), ifad(b + ¢) = be(a + d). Show that R
is an equivalence relation, [Delhi 2015)

| HINTS & SOLUTIONS |
L. (c) Hint|a + ib| = Ja’ + b

2. (b) Hint R does not have elements of the type (a.b) and
(b, c)

3. (c)Hint R={(1,6),(27), (3 8)

4. (c) Hint For R to be reflexive and symmetric, we should
add {(1, 1), (3, 3), (3. 1), (2, 3)}.

5. (¢) Hint The set of all elements related to 1 is
fae Aia=1),

6. Here, R= ((a,b):bla;ae A, be B)

= {(1, 4),(1, 10),(1, 15).(2 4),(2 10),(3,15)}

7. Given, R = {(a, a"): @ is a prime number less than 5}
= Re={(28),(3 27))
Hence, range of R= (8 27)
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8. Here, (1, 2)e Rand(2 1)e R but(,1) e R
Hence, Ris not transitive,
9. Hint (i) R is reflexive, as(a, a)& R, Vae A,
(ii) R is symmetric, as (0,1)e R =>(1,0)e Rand (0, 3) e R
=((30)eR
(iii) Ris not transitive, as(3,0), (0, 1)e R=p (3 1)e R
[Ans. Reflexive, symmetric and not transitive]
10. Hint Consider (x, y) = (1, ¥3)and (y, z) = (+3, ¥2)
Ans, No
1L, For R to be reflexive, (b, b) and (¢, ¢) should belong to R

and for R to be transitive (a, ¢) should belong to R, as
(a, b)e R and (b, c)& R. Hence, minimum number of
ordered pairs to be added in Ris 3.

12. Given, a relation Ron A = {0,1, 2, 3 .12} defined as
R={(a,b):abe A, |a=b|is divisible by 4}
To show R is an equivalence relation
(i) Reflexivity Letae A be an arbitrary element.
Then, |a = df= 0. which is divisible by 4.
(a,a)e R
But a€ A was arbitrary,
(a,a)e RV ae A
Thus, R is reflexive.
(ii) Symmetricity Leta, be A such that(a, b)e R
(a,b)e R
KY | @a=b| is divisible by 4.
= | =(b=a)|is divisible by 4,
= |b= a|is divisible by 4.
= (b,a)e R
Thus,(a.b)e R =3 (ba)e R
Hence, Ris symmetric,
(iii) Transitivity Let @, b, c € A such that (¢, b)e R and
(bc)e R
v (a, b)and (b, ¢)belongs to R
. Both|a=b|and |b=c | are divisible by 4.
Let|a=M=4A and | b=c |= 4y for some real numbers
Aandp.
a=b=t4landb-c=t4p
MNow, consider a=¢ =(a=b)+{b=¢)
=tdA tdp =4{Eh ),
which is divisible by 4.
oo |@=¢|is divisible by 4 = {a,c)e R
Thus({a, b)e R, (b c)e R =(a c)e R
Hence, Ris transitive,

From above, we can conclude that K is an equivalence
relation,

Clearly, the set of all elements related 101
= equivalence class of 1
={ae Al a)e B}
= {ae A :|1=alis divisible by 4}
= {1, 59}

Get More Learning Materials Here: & m

3.

I+
15.

Similarly, [2] = {a€ A:| 2~ 4| is divisible by 4}
= {2 610}

Given, A = Set of real numbers and R= {(a,b): a< b).
Reflexive Letae A be any arbitrary real number.
We know that every real number is equal to itself,
iea=a
So, we can writeaSa = (aa)e R
So, R is reflexive,
Symmetric Let(a b)e R, thena<bh or a=b
Ifa= b thenb=a
But if we considera< b thenbqa = (b a)¢g R
eg 4<5but5¢ 4
So, R is not symmetric.
Transitive Let(a, b), (b, ¢) € R, then
(a, b)e R=sash A1)
(b,c)e R=s bs¢ (1)
From Egs. (i) and (ii), we get aSc = (a,c)e R
So, R is transitive.
Solve as Question 13,
Given, A = Set of real numbers and R= {(a,b):1+ab> 0},
Reflexive Let a be any real number,
Then, ld+aa=14a">0 [va*20VaeA]
= (e, a)e RLVYae A
So, R is reflexive.,
Symmetric Let (a,b) € R, then
(1+ab)>0 =214 ba>0 [vab=ba V a be A]
= (b,a)e R
Thus, (ab)e R = (ha)e RVa be A
So, R is symmetric,

Transitive We observe that (l. -;-)e Ras
1+1-Lmi4ds0
2 2
1 1 1
and (-. -l)e Rul+(-l(—)-l-->0
2 2 2

But (1, =1)# R, because 1 41 x(=1)=030
Sa, Ris not transitive.
Similar as Example 3.

. Given, A = 5¢t of all points in a plane,

Re={(F, (): Distance between P and O is less than 2 units}
Reflexive Let Fe A be any arbitrary point, Then,
distance between F and Fis 0, which is less than 2 units,

= (P.Ple R

Thus, (P, Ple Riorall Pe A

So, Ris reflexive,

Symmetric Let P, 0 & A such that (P, Q)& R, i.e, distance
between Fand () is less than 2 units,

=» Distance between 0 and P is less than 2 units,

= Fle R

5o, Ris symmetric.
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19,

20.

Transitive Consider the points P, Q and S having
coordinates (0, 0), (1, 0) and (2, 0), respectively. We can
observe that the distance between P and Q is 1 unit, which
is less than 2 units and also the distance between Q and §
is 1 unit,
But the distance between P and S is 2 units, which is not
less than 2 units. Thus, (P, Q)€ R,(Q. S)e Rbut(P, S) & R
So, R is not transitive,
Given, R={(x,y):xe N,ye Nand 2x + y = 24}
Here if x =1, then y = 22
[“put x=1lin2x+y=24, weget y=22]
If x =2 then y = 20; I x=3then y=18&
Ifx=4, then y =16 Ifx =5 then y =14,
If x=6 then y=12 If x =7, then y=10;
fx=8 theny=8§ Hx=9 theny=g
I x =10, theny =4; Ifx=11 theny =2,

. R={(1,22), (2,20, (318), (4,16), (5,14), (6,12), (7,10),
(8, 8),(9,6), (10, 4), (11, 2))
Hence, domain= {1, 23, 4,5 67,8 910,11}
and range = {22, 20,18 16,14,12,10, 8 6,4, 2).
Reflexive Clearly,1& N but (), 1) ¢ R. so R is not
reflexive.
Hence, R is not an equivalence relation,
It is given that A ={I, 23} An equivalence relation is
reflexive, symmetric and transitive,
The smallest equivalence relation containing (1, 2) is
given by
R o= ((1,1),(2 2),(33),(1, 2),(2 1))
Now, we are left with only four pairs, (2 3), (3, 2), (1, 3)
and (3, 1). If we add any one pair [say (2, 3)] to R,, then
for symmetry, we must add (3, 2).
Also, for transitivity, we are required to add (1, 3) and (3, 1).

Hence, the only equivalence relation (bigger than R)) is
the universal relation,

This shows that the total number of equivalence
relations containing (1, 2) is two.
Given, R = [(x, y):5divides(x = y)}
and  Z = Set of integers
Reflexive Let x € Z be any arbitrary element. Now, if
(x,x)& R, then 5 divides x = x, which is true.
So, R is reflexive.
Symmetric Let x, y & Z, such that
{x, y)e R =25 divides (x = y)
= 5 divides [= (x = yl]
= § divides(y = x) = (y, x)e B
5o, R is symmetric.
Transitive Let x, y. z€ Z, such that{x, yj& Kand
(y.z)e B
=3 x= yand y =z both are divizible by 5.
= x =Y+ y=z is divigible by 5.
= (x =z)is divisible by 5 == (x, z)e R

Get More Learning Materials Here: & m

So, Ris transitive,
Thus, R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation.

21. Given, A = N x N and a relation R on A, defined as
(x, y) R(u, v}, iff xv = yu

Reflexive Let (x, y) € A be any arbitrary element.
Now, we have to show that (x, y) R(x, y).

Clearly, xy = yx = (x, y)R(x, y)
* (x, y)& A was arbitrary,
(x, y) R(x, yhV(x, y)e A
So, Ris reflexive.
Symmetric Let (x, y)and («, v) € A such that

(x, y) R(u, v)
Now, we have to show that (i, v) R(x, y), l.e uy = v,

(x, y) R(u, v)
= VE YU = yusmxv
= uy=wx = (u, v) R(x, y)

So, R is symmetric,

Transitive Let (x, y), (4, v)and (a, b) € A, such that

(x, y) R(u, v)and (u, v) R(a, b)

Now, we have to show that(x, y) R{a, b). ie. xb= ya

v (x, ) R(u, v) = xve=yu A1)
and (u, V) R(a, b) = ub=1va L(11)

Now, multiplying both sides of Eq. (i) by 2 we get
u
a a
~{)=r(0)
b a
- ofl)rf)

= xb= ya
= (x,y)R(a,b)
So, R is transitive,
Hence, Ris an equivalence relation,
22. Similar as Example 10,
23, Given, A={1,2,3,4,5} and R={(a b):|a=b| is even},

Reflexive For any ae A, we have |a = a| =0, which is
even,

Thus, (@, a)e RVae A

So, R is reflexive,

[using Eq. (ii)]

Symmetric Let a, be A such that (a, Fle B = |a=b|is
EVERL

= |={(b=a)|iseven.

= |b=a|is even.

= (haje R

S0, R is symmetric.

Transitive Let a, b, ¢ € A such that{a, bj e Kand
ibcleR

=5 |a = b| is even and |b = ¢| is even,

=3 (@ and b both are even or both are odd) and {band ¢
both are even or both are odd)
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Case 1| When b is even.

In this case, a is even and ¢ is even
=|a=c|iseven =3 (a,¢c)e R

Case 11 When b is odd.

In this case, a is odd and ¢ is odd

=|a=c|iseven = (a,¢)e R

Thus,(a, b)e R.(b,c)e R=3(a c)e R

So, R is transitive,

Hence, R is an equivalence relation,

Now, all elements of the set {1, 3, 5} are related to each
other as all the elements of this set are odd.

So, the modulus of the difference between any two
elements will be even.

Similarly, all elements of the set {2, 4} are related to each
other as all the elements of this set are even. So, the
modulus of the difference between any two elements will
be even,

But no element of the set {1, 3, 5) can be related to any
clement of {2, 4) as all the elements of set {1, 3, 5} are odd
and all the elements of set {2, 4} are even,

So, the modulus of the difference between the two
elements each from these two subsets [as3=2 =1 not
even, 5= 2= 3 not even, etc.] will not be even,

Given, A = {all points in a plane} and

R= (P, Q):distance of the point P from the origin is the
same as the distance of the point Q from the origin}
Reflexive Let P& A be any arbitrary point. Then,
distance of a point P from the origin is always same.

. (P, P)eR

So, R is reflexive.

Symmetric Let (P,Q)e R, where P, Q€ A,

= The distance of point P from the origin is same as the
distance of point Q from the origin,

= The distance of point Q from the origin is same as the
distance of point P from the origin,

= (Q.P)e R

Thus, (P,Q)e R =(Q,P)e R, where £, Q& A.

So, R is symmetric,

Transitive Let (P, Q), (Q, S)& R, where £.Q, Se A,

orP
> =00 =20P=085

and 0Q =08
i.e. the distance of points £ and S from the origin is same,

Y

P
Q
S
o X

= (P,S)e R

So, R is transitive,
Hence, R is an equivalence relation on A,

&5

27.
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Let P # (0,0) be a fixed point in the plane and ((x, y)be
any point in the plane related to P, ie.(P, Q)& Ror
distance of P from origin is same as distance of Q from
origin,

Then, OFP = 0Q =k (say)

0Q = .ﬁx =0+ (y =0)*
k-Jx" +y' = ey =k’

This is an equation of the circle with centre (0, 0) and
radius k (distance of point P from origin). Thus, all the
points related to P satisfy this equation. Hence, the set of
all points related to a point P # (0, 0) is the circle passing
through P with origin as centre.

. Similar as Example 7.
. Given, R, and R, are two equivalence relations on set A,

Now, we have to show that R, n R, is also an
equivalence relation on set A,

Reflexive Let a € A be any arbitrary element,
Then,(a, a)€ R, and (a, a)e R,
[ both R, and R, are reflexive]
= (aa)eR NR,
, ae A was arbitrary.
So, R, M R, is reflexive,
Symmetric Let a, b€ A such that(a, b)e R, N R,
= (a b)e R, and (a, b)e R,
= (b, a)e R, and (b, a)€ R,
[ both R and R, are symmetric]
- (ba)e R, N R,
So, R, M R, is symmetric.
Transitive Let a, b, c € A such that (e, b)e R, N R, and
(bc)e R, N R,
(a, b)e R, N R, =>(a, b)e R, and(a, b)e R,
and  (b,c)e R, N Ry =>(b,c)e R, and (b, c)e R,
= (a,c)e R and(a, c)e R,
[~ both R, and R, are transitive]
- (a.c)e Ry "R,
So, Ry M R, is transitive.
Hence, R, M R, is an equivalence relation.
Now, define relations R, and R, on aset A = {1, 2.3}
as R, = {(1,1).(2 2),(33)(1, 2),(21)}
Ry = {(1,1),(2 2),(33), (1, 3).(3 1)}
Clearly, R, and R, are equivalence relations but
RO R, =((1,1),(22),(33),(1,2),(21),(1,3).(3 1))
is not an equivalence relation, as
(21)e R UR, (1,3)e R, UR, but(23) &R UR,.
Note that the characteristic of sets (1, 4, 7}, {2, 5, 8} and
{3, 6,9} is that difference between any two elements of
these sets is a multiple of 3.
Therefore,(x, y)€ R, = x = yis divisible by 3 = x = yis
a multiple of 3 = (x, y}< (1,4, T} or {x, y) = |25, 8) or
{x, y) = {3 6 9 =>(x,y)€ R,. Hence, R, g R,.
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Similarly, (x. v}e R, =[x, yj= (L 4, T}or
{x, vl {2 5 Bl or {x, ¥} = 3 & 9] =5 x = y is divisible by
I=(x, yie K.
This shows that R, g R,
Hence, R, = K,,
18. Ris reflexive, since for each a € N, aRa.
R is symmetric, since if akb, then bRa fora, be N,
Also, R is transitive, since for a b, ¢ & N, if aRb and bie,
then aRe.
Hence, R is an equivalence relation in N which will
partition the set N into the pairwise disjoint subsets.
The equivalence classes are as mentioned below
Ay ={5et of numbers, which leaves remainder 0}
=[5 10,15, 20, ...}
A; = [Set of numbers, which leaves remainder 1}
{61116 21,..)
A, = [Set of numbers, which leaves remainder 2}
= (27,1217, 22 .}
Az = {Set of numbers, which leaves remainder 3}
=1 81318 23 ..}
A, ={5et of numbers, which leaves remainder 4}
={4,914,19 24, .}
It is evident that the above five sets are pairwise disjoint

4
ad A, uA VA UA VA S L.;A,- N
=

29. We have a relation K on N % N defined by (a, B)R{c, d), if
ad(b + c) = bela + d)
Reflexive Let (a b)e N ® N be any arbitrary element.
We have to show that (a, b) R (a, b), ie.
ab(b + a) = bala + b), which is always true, as natural
numbers are commutative under usual multiplication and
addition.
Since, (@, b)e N % N was arbitrary, so K is reflexive,
Symmetric Let (a, b), (¢, d)e N x N
such that (a, b) B (e, d). ie ad{b + ¢)= be{a + d) A

| TOPIC 2|
Functions and Their Types

FUNCTION (MAPPING)
AS A RULE

For any two non-empty sets A and B, a function [ from A
to B is a rule which associates each clement of set A to a
unique clement of set B. A function f from A o B is

represented by f: A= B or a5 8.
eg [N = N defineas f(x) = x? is a function, where N
is the set of natural numbers,

Function (Mapping) as a

Set of Ordered Pairs

For any two non-empty sets A and B, a function from set A
to set B is a relation from A 1o B (denoted by f) satisfying

the following conditions
(1) Foreacha € A, thereexistsé € Bsuchthat(a,b) e f.
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We have to show that (¢, d) B {a, b),
L, cb{d + a) = da{c + b)
From Eq. (i), we have ad(b + c) = be{a + d)
= dae + b)= chd + a)
[~ natural numbers are commutative under
usual addition and multiplication)
= chid + a)= dolc + b)
= (e, d) R{a B)
50, R is symmetric.
Transitive Let (a. b), (¢, d)and (e, fie N = N such that
(o b)Y Rie, dyand(e, d) Rie, )

g {a, B Re, d)
= ad(b + ¢y= beja + d)
bac _a+d
=
be ad
1 1 1 1 .
= F+F-E+; A}

and (e, d) Rie. f) =+ of(d + e)=de(c + )

- d'+t':+!'
de ef

L % %4,:‘_ <.}
Now, addmg Eqs. (ii) m-i

(+3)(ed

J, we get

NERNINTREY

LR
=5 —_— — e —
Il (] u f
e+ b i_' a
- e af
= af(e + b) = be( [ + a)
= af(b+e)=befa+ [}
= (a. b) Rie, [}

So, R is transitive,
Hence, K is an equivalence relation,

EXAMPLE |1| Let A={123) and B={24,6,8}.
Consider the rule f : A —» B, defined as f(x) =2x,V x € A.
Find the domain, codomain and range of f.

\J/° Find the image of 1, 2, 3 using definition of /.

Sol. Given, f(x)=2x,V xe A
Value of function at x =1, f(1)=21)=2
Value of function at x = 2, f(2)=2(2)=4
Value of function at x =3, f(3) = A3) =6

B
7~ _~Range

A

!
mn\

We can write it as [ = {(1, 2), (2 4),(3 6))
s Domainof f = (1, 2, 3}, Codomain of f =2, 4, 6, 8§}
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(i) (0, b)e fand(a,c)e [ = b=c,
eg lfA={1,2 3}and 8= {4, 5|, then
[ =1(1,4),(2,5), (3, 4} is a function but
[ =1(1,4),(1,5), (2, 4), (3, 5)} is not a function as
(Ld)e f, (LSe fpd=5,

Note Every function is a relation but converse is not always true,
eg. MA={1,2,3 andB= {14}, then R={(11),(14).2 4} isa
relation but not a function,

Domain, Codomain and

Range of a Function

Consider a function f : A= B, then elements of set A are
called domain of f and clements of set B are called
codomain of £, and the set of all f-images obtained in
set B corresponding to each element belongs to set A is

and range of [ = {2, 4, 6)

RELATION BETWEEN RANGE AND CODOMAIN

Range and codomain may be same or may be different. A
funcrion, whose codomain is a set {or a subset) of real
numbers, is known as real-valued function and a function
whose domain and codomain both are the sets (or subsets)
of real numbers, is known as real function. Note that every
real function is a real-valued function, but converse may not
be true.

eg [ :C = Ris a real-valued function but not real

function, where C' is a set of complex numbers,

Some Special Real Functions
Some special real functions and their domain, range and
graphs are given below

called range of f. Function
e.g Let f: A= B be a function, where A ={a,b,¢} and Identity function
B ={2,4,8,16}, defined as f()=x¥xeR

A '] B _ Domain - A

Domain~_, < .~ Codomain Range - A
b ' Range Constant function Y
c 8 ) =c, ¥V xeR — =
Domain - R Xe—tg—X

Then, domain = {4, b, ¢}, codomain={2,4,8, 16} Range - {c) v
and range = {2,4, 8},

Function Function Graph
Reciprocal function Exponential function tle &
f(x)sl,ngR-(O} f(x) = a*, where a > Oand 2 ,0'

x az\vxeR 1 ‘*
Domain - R - {0} Case | Whena> 1, x"—’/ i X
Range - R - {0} <lforx<0 -‘.3.2-10-1‘ 234
fix)=a" - {=1lorx=0 -2
>V forx>0 -3
Y v
Grastost intager & 1 Case ll When O<a<1,
function 2 e >lLlorx<0 Y4
Nx)=[x], VxeR 1 :—0 f(x)=a"—{=1forx=0 3
Domain - R X S pissas” <lforx>0 2
Range -/ o [ 1 y=a', 0<a<!
nge ._:-o g Domain - A » 1) X
nm_{a-) -4-3-5-!0 ‘1 2 3.4
o -
-2
Properties of greatest integer function Y

tn< x<n+ \ where nis a greatest integer less than xand xis a
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tn< x<n+ 1, where nis a greatest integer less than xand xis a
real number, then

« [xl=n
A==
« [x+ m]=[x]+ m for any integer m.
Modulus function
Nx)=|x.VxeR
x itxz0
- {- xilx<0
Domain -~ R
Range - (0, =)
Properties of modulus function
Let x, y€ R (set of real numbers). Then,

. F:lx'

X sa e|x|sam-asxsa

X 2a @|x|zamxs-aorxza

s xk | S| x] + |yl
slaxy|z|lx| =]yl

Sigrnum function ¥
1) = sgntx)= 2 1oy
=1Llor =0
of fix)={ Qlorx=0 e X
1borx=0 o
Domain - A —r==1 1.
Range - {-10,1}
¥

Corresponding to  these possibilities, we define the
following types of funcrions.

One-One (Injective) Function

A function f: A= B is called 2 one-one or injective
function, if distinct elements of A have distinct images in 8,
ie forevery ay,a, € A, ifay # ay, then fla)# fla,)and
if flag)= flay), then ay = a,.

eg let f:A—= B be a function represented by the

following diagram.

Here, [ is a one-one function, because each element have
distinet image.

Many-One Function

- - i W = W " E sim
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Logarithmic function Y{  y=log, X,
f(x) =log, x, ¥ x> 0, 3 a1
wherea>Qanda =1 f
Case | Whena> 1, X X
<Qloro<x<t -4-3-2-1? 2 34
()= {=0lorx=1 2|/ 0.0
>0 forx>1 -3
Y
Case ll When O<a<,
>0 for0<x< Y
() - {=0 forx=1 31\ ymlog,x.
<0 forx>1 2: 0<a<i
z (1,0)
Domesin -A e g P T T R T
Range - A -1
-2
-3
Y

TYPES OF FUNCTIONS

As we know that if f: 4= B is a function, then f
associates all the elements of set A to the elements in set B
such that an element of set A is associated to a unique
element of set 8. But there are some more possibilities,
which may occur in a function, such as

(i) more than one elements of A may have same image in

(i) each elemenis of B is image of some clements of A.
(it} there may be some elements in 8, which are not the
images of any element of A,

EXAMPLE |2| Determine whether the function
f 1A~ Bdefined by f{x) =4x +7, x € A is one-one.
:, Show that no two elements in domain have same image
in codomain,
Sol. Given, f:A — B defined by f(x)=4x+7 x& A
Let x,, x, & A, such that f(x )= fix,)
= dx 4T =dx, 47 = dx, =dx, = x, =x,

So, [ is one-one function.

EXAMPLE |3] Show that the signum function

1, ifx>0

0, if x =0 is many-one,
=L ifx<0

f:R— R given by f(x) =

s

. Show that the images of any two or more elements of
domain ara sama in codomain,
Lifx=n
Sol Given, f:R— K defined by fix)=40, ifx =0
=1 il-];"l:ﬂ

Clearly, fil)= f{2)= f(3)=1, where 1,2, 3 R
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A function f: A B is called a many-one function, if
there exist atleast two distinct elements in A, whose images
aresame in B, i.c. if there exist a, @, € A, such thata, # a,
and f(a))= f(a,), then f is many-one. In other words, a
function f: A = Bis called a many-one function, if it is not
one-one.

eg let f:A— B be a function represented by the

following diagram.

Here, f is many-one function, because 4, and 4y have
same image b,.

METHOD TO CHECK WHETHER A FUNCTION
IS ONE-ONE OR MANY-ONE

Sometimes, a function is given to us and we have o check
whether this function is one-one or many-one, For this, we
use the following steps

L. First, consider any two arbitrary clements, say
ay, @y € (domain of function).

Il Put f(a,)= f(a,) and simplify the equation.
L If we get a4y = a,, then [ is one-one and if we get
a, # ay, then f is many-one.
eg Let f:A—= B and g: X =Y be two functions
represented by the following diagrams.

Here, f is an onto function and g is an into function
because y, and y, are elements of ¥, which do not have

pre-image in X,

METHOD TO CHECK WHETHER THE
FUNCTION IS ONTO OR INTO

Sometimes, a function is given to us and we have to check
whether this function is onto or into, For this, we use the
following steps
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" f(0)m0, where 0& R
and  f(=1)= f(=2)= f(=3)= =1, where=1,-2-3€ R
R R

We can observe that all positive real numbers have
same image 1 and all negative real numbers have same
image -1,

Hence, it is a many-one function,

Note In order to prove f is not ona-one, it is sufficient to show that
M)=1andI2)=1,

Onto (Surjective) and Into Function
A function f: A= B is said 1o be onto (or surjective), if
every element of B is the image of some elements of A under
[ i.e. for every b e B, there exists an clement a in A such
that f(a) = 4. In other words, f: A= B is onto if and
only if

Rangeof f = B
L. Range = Codomain
A function g : X = Y is an into function, if there exists one
clement in Y, which have no pre-image in X. In other
words, if a function is not onto, then it is an into function.

Then, y= f(x) = y=3x+2 =5 x=

y=2
3

0= -
3

Now, when y =0, then x =

Thus, y=0&Z (codomain of f) does not has
pre-image in Z(domain). Hence, [ is not an onto
function, ie. it is an into function.

One-One and Onto

Function (Bijective)

A function f: A~ B is said w be onc-one and onto
(or bijective), if f is both onec-one and onto, ie. all
clements of A have distinct images in B and every clement
of B is the image of some elements of A,

eg let f:A— B be a function represented by the
following diagram.
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I Let f:A—> B be the given function, then first
consider y be an arbitrary element of B.
Il Put y = f(x)and simplify it to obtain x in terms of y.
[1l. Now, if for any y € B, the corresponding value of x
does not belongs to A, then f is not onto, ie. [ is
into bue if for all y € B, the corresponding value of x
belongs to A, then f is onto.

Note Sometimes, we simply find the range of function, i range of
function = Codomain of function, then the function is onto,
otherwise it is an into function,
EXAMPLE |4| Check which of the following function is
onto or into.
(i) f: A— B, given by f(x) = 3x, where A = {0, 1,2} and
B={0,3,6).
(ii) f:Z— Z, given by f(x)=3x+2, where Z = set of
integers,
Sol. (i) We have a function f: A — B, given by f(x)=3x,
where A= (0,1, 2} and B= (0,3 6}
Let y € B be any arbitrary element,

Then, y-[(:):ay-:%x::x-4§
0
Now, at y =0, x-;-OGA
3
My-f!.x-;-)ef\

6
Aly-ux-;-ZeA

Thus, for each element yof B, there isa pre-image in A,
So, f: A~ Bis an onto function,

(i) We have a function f: Z— Z, givenby f(x)=3x+ 2
Let y € Z, (codomain of f ) be any arbitrary element,

EXAMPLE |6] Show that the function f:R— R

defined as f(x) = x* is neither one-one nor onto.
Sol. Given, a function f : R— R defined as f(x) = x*
For one-one Here, at x =1, f(1)=1
and atx==1 f(=1)=(=1)" =1

Thus, f(1)= f(=1)=1 butl# -1
So, f is not one-one.
For onto Let y € R (codomain) be any arbitrary

element,
Then, y= f(x)
= y=x?

-3 x-t\f;
Now, for y=-=2eR, xmt 2R

So, f is not onto.
Hence, given function is neither one-one nor onto.
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Here, £ is bijective function because each element have
distinct image and every element of B have pre-image.

EXAMPLE |5] Let R be the set of all non-zero real
numbers, Then, show that f : R —» R, given by f(x) = % is

one-one and onto.
Sol. Given, f(x)= %
X

For one-one Let x,, x, € R, such that f(x,)= f(x,)

= L.L [pw x, and x, in f(x)li
Xi Xy X
= X, =X,

So, [ is one-one,
For onto Let y & Rbe any arbitrary element,
Then, y= f(x)

1

= y=—
x

= o 1 [expressing x in terms of y)
y

1t is clear that for every y € R(codomain), x € R (domain)
Thus, for each y & R (codomain), there exist

x -le R (domain), such that f(x)= f(-l-]-;-
y y

(5
y
[i.e. every element of codomain has

pre-image in domain)
So, f is onto.

TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

I f:X Y isonto,if and only if
(a) rangeof f =Y
(b) range of f 2Y
(¢)rangeof [ <Y
(d) range of f 2Y
2 The number of all one-one functions from set
A=(12 3)toitselflis
(a)2
(b) 6
(c)3
(d)1
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EXAMPLE |7| Show that the function f:N — N,

given by f(x) = 2x is one-one but not onto.

Sol. Given a function f : N — N, defined by f(x) = 2x
For one-one Let x,, x, € N, such that f(x,)= f(x;)
= 2x; = 2x,
= X=Xy
So, [ is one-one,

For onto Let y € N (codomain) be any arbitrary element.
Then, y= f(x)

3 LetA=(,23, ... n)and B =(a, b). Then, the
number of surjections from Ainto B is
(a) "Ry
(b)2" -2
(e)2" -1
(d) None of these

4 Ifthe set A contains 5 elements and the set B
contains 6 elements, then the number of

= y = 2x one-one and onto mappings from Ato Bis
= el [NCERT Exemplar]
2 (a) 720
Now, for y-l.x-%¢~. (b) 120
(€)0
Thus, y =1& N (codomain) does not have a pre-image
in domain (N). So, f is not onto, (d) None of these
) ] 5 The greatest integer function [ : R — R, given by
EXAMPLE |8| Show that the function f: N — N, given fx) =[x is
by f(1) = f(2) = 1and f(x) = x = 1for every x > 2, is onto (a) one-one
but not one-one. () onto

Sol. We have a function f 1 N — N, defined as
f()= f(2)=1and f(x)= x =1, for every x> 2
For one-one Since, f(1)= f(2) =1, therefore | and 2
have same image, namely 1. So, [ is not one-one.

For onto Note that y =1 has two pre-images, namely
1and 2, Now, let y € N, y # 1 be any arbitrary element.

Then, y= f(x) =5 y=x =1
= x=y+1>2foreveryye N, y#1

Thus, for every y€ N, y # 1, there exists x = y + 1 such
that

f(x)= f(y+l)my+i=lmy
Hence, [ is onto,

SHORT ANSWER Type | Questions
8 State whether the function [ : R — R, defined by
f(x)=3-4x is onto or not.
9 Let f:R - Rbedefined by f(x) = x*+1
Then, find pre-images of 17 and - 3.
10 Check the injectivity of the function f: R -+ R
given by f(x) = x> INCERT)

I Isg=((11),(2 3),(3,5),(4,7)afunction? If g is
described by g(x) = ax +f. Then, what value
should be assigned toa and 3?7 [NCERT Exemplar)

12 Show that the function f: R — R, given by
f(x)=cos x,V x & R is neither one-one nor onto.

SHORT ANSWER Type | Questions

13 Consider a function [ :[0, r/2] — R, given by
f(x)=sinx and g: [0,7/2] - R, given by
£(x) =cosx. Show that [ and g are one-one, but
[+ gis not one-one, INCERT]
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(¢) both one-one and onto
(d) neither one-one nor onto

VERY SHORT ANSWER Type Questions

6 IfA=(1,2,3),B=(4,56,7)and [ =((1,4),(2,5),
(3, 6)) is a function from Ato B.
State whether [ is one-one or not, (All India 2011)
7 Find whether the function f: Z — Z, defined by
f(x)=x* 45V x e Z is one-one or not.

200 With the help of following graph, find the
equation of function, Also, check whether the
function is many-one or not. [NCERT)

HINTS & SOLUTIONS

L (a) A function f: A — B is said to be onto, if for every
b e B, there exists an element a in A such that f(a)=b

2. (b) If {A)=x and n(B)=y, then number of one-one
functions from A to Bis given by ¥ P,, where x < y,

3. (b) Total number of functions = (n{ B))"'"" = 2" Clearly a

function will not be onto if all elements of A map to either
aorb.
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14 Let f: N — N be defined by

n+1 itnisodd
fin)={ 2 .
7 if n is even
Show that [ is many-one and onto function.
INCERT]
15 Show that f: N — N, given by
X+ 1,ifxis odd
X ’ is bijective (both
4 ).{x-l.lfxlscvens d ®
one-one and onto), [All India 2012)

16 Let Aand Bbe sets. Show that f: Ax B — B x A,
such that f(a, b) = (b, a) is bijective function.
INCERT)
17 Show that the function f: R — R, defined by

flx)= - . V x € R is neither one-one nor

x4
onto.

(Delhi 2020, NCERT Exemplar]
LONG ANSWER Type Questions
I8 Show that the function f:R — (xeR:=1<x<])

defined b -
efine yf(x)-Hljrl

,X&eR is one-one and onto

function. INCERT)

19 Given a function defined by f(x) = ‘}4 - x%;
0=x<2 0% f(x)<2.Show that [ is bijective
function.

10, Let x,. x, & K, such that f(x, )= f{x,)
=3 rf-x:=x:-r:l-n

= (x -r,}{rf +r; +xxgl =0

3 3 1
= lr,-x,}[rfd-E-x,(i;-]d- izl] -[i;-) +I: =0
L3
X ‘ 3
X ! 3
= (x, = x3) (I, +—21 +;I: =0

= x=xy=0

. — nnlyfn:rl =x,=0 _I

Hence, [ is one-one, ie [ is injective,
Il. Hint According to the given information, we can have
l=a+Pandd= 2o+ [Ans Yes;i = 2and i = =1]

12. We have a function [ : R — R, defined by

fix)=cos x
= flo)=cosd=1

flzm) = cos 2n =1
8o, [ is not one-one.
Also, range [ =[=1,1]# R
Hence, [ is not onio,

3. Let x,, x, E[&ﬂ. such that x, # x,.

4. (c) One-one onto mapping is possible only if n(A) = n( B)

“

9.

15.
16,

i7.
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. (d) Range(f) = Integers # Rand [2.3] = [2.4]= 2

=3 [ is not one-one.

. Given, [ ={(1, 4), (2, 5), (3, 6)}. Here, we see that each

element of A have distinct image, So, it is one-one.

. Let x,, x, € Z, such that f(x,) = f(x,)

= xj+5mx;45

= ximx; S x,mtx,

. f is not a one-one function, as if we take
x,=land x, ==1 then f(1)=6= f(=1), butl# =1,

. Let y € R (codomain) be any real number and let

flx)=y.
Sooy=Ededy =2 dx=d-y

= x= 3—:15 R, for ench y [write x in terms of y]

So, for any real number y € R (codomain), there exists
3—:! in R (domain), such that

[(3—22)-3-4(3—:X)-3-3+y-y

Hence, f is onto,

To find the pre-images, consider x* 41 =17 and
x'H1=-3

= x*=16 and x* = =4, which is not possible,

= x=t4

Hence, pre-images of 17 are £ 4 and pre-image(s) of =3
does not exist.

Casell Let m = fin)=n/2
= n = 2m, which is even for eachm e N,

Thius, for each m & N (codomain), there exists n=2m e N,
such that f (2m) = sz am

Since, from both cases, we have pre-images, So, we can

choose either of the case to get the pre-image.

Therefore, f is onta,

Hence, f is many-one and onto function.

choose either of the case to get the pre-image.

Therefore, { is onto,

Henee, [ is many-one and onto function.

Solve as Question 14,

We have a mapping f: A % B— Bx A, defined as
fla, b)= (b, a)

For one-one Let (a,, b, )and(a,, b,)e A x B,

such that  f(a, b )= fla, b}

3 (b, a)=(by, a,)
= by=b, and a =a,
= lay, b h=lay, b,)

So, f is one-one.
For onto Let (b, a")& B x A be any arbitrary element,
then there exists (a’, ¥ )& A x B, such that
fla', b y= (b, a")
Since, (0", a") was arbitrary, so [ is onto,
Hence, [ is bijective function,

Given, f R—rﬂ.deﬁmdhyﬁxjnerl."?':E R
X
Let xy, xy & Rsuch that fi{x,)= fir,)
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i+,

Then, sin x, # sin x, and cos x, # cos x,
[ for any two distinet values x in [0. %] .

sine function cannot give same value.
This is also true for cosine function)
Hence, [ and g must be one-one,

[va, #a, = f(a)# fla,)]
But (f 4+ glo)=sin0+cosO=1

md([+g)(’-‘-)-nﬂn£+cm£-l
2 2 2
A [ # gis not one-one.

Given, f : N — N, defined by

n_fl' ifnisodd

flimy={ 2

-, ifniseven
2

Hf'f, f(l)--‘-%l-.l‘nd](z)-g-l
So, [ is not one-one, L.e. f is many-one.
Now, consider a natural number m in codomain N,

Caselletm= f(n)--";—' = 2m=n+l

=>n= 2m -1, which is odd for each me N.
Thus, for each m € N (codomain), there exists

n=2m=-le N.luchlha!f(ZM-]).zm-,l+l.

We have a function [ : R — [v & R:=1< x <1}, defined as

IL.'!.FIEG
fixym—2—u]l**

tixl | X irx<o
1= x

For one-one Let x;, x, € K. Then, the following cases
arise

Case | When both are less than 0

Let x,. x, & Rsuch that x; <0, x, <Oand f{x, )= flx,)

X
] _rl_-_i_q t‘,'I,l';'l';'l'-I;
]'J:'. I'I;
—r IIII=

Case 1l When both are greater than ar equal to
Let x,, x, & Rsuch that x, 20, x, Z0and fix,)= flx,)

X, X

= —1—-—?—=1‘,+¥,¥;--¥;+4’,#;
1+x, 1+x

= X, =X,

Case [I1 When one is non-negative and other is negative
Let x, 2 0and x, <0,

Mow, iffl_r.j- ‘fl_rzl [Mn—xl_._r?_-
1+x;, 1=x,
SXH=X Xyt X,

= x, = x, =2x,x,, which is not possible as LHS >0
and RHSZ0. Thus, x, # x; = flx;}# f(x;)
From cases I, Il and 111, we get [ is one-one,

149,

20
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X X
Y +.+
X+l x;+1
= X, X5+ x, = x,x] 4 x,
- X, X3 = Xyx] 4 x, =x, =0
2, X, (X, =x)=1(x, =x,)=0
-3 (xy = x, )(x,x, =1)=0
= X,=x or xx,=1
1
- X, =x, O X, = —
ol

s [ is not one-one, as if we take

X -Snndx,ni. then
3 1 1
)= — =|but3de~
f=mm f(5 s

Now, let k & R be any arbitrary element
and let f(x)=k

=k

x
" x? 41 [ ﬂx).x’ +l]
= |kPrk=x = kfexrk=0

2
= x-i'zkﬂck.u'l-lk’<o

or(1=2k)(1+ 2k)<0,ie. k>1/20rk<=1/2
So, f is not onto,
Hence, f is neither one-one nor onto.

We have.yl_ﬂr].:,ﬂ-i-r’.ﬂixilﬂirﬁ!

For one-one Let x,, x; be any two elements of the
interval 05 x £ 2, such that f(x, )= f{x,)

= Ji-xlsfi-x! = d4-xisd-a?

=3 xf-ri:r,-tx,:r,lxi

[x; # =x,. since x, and x, are non-negative]
So, f(x)is one-one,
For onto Let k & [0, 2] be any arbitrary element
andlet filx)=k = Jli' =k
On squaring both sides, we get4 = x* = k*

= x'mi=k® = xst. Ji=k = Il.,li-i-k;
[ x is non-negative, so we take positive]
Also, for 0% k £ 2 we have
HS-‘ILI:-k’EE = 0% x < 2 which is true.

Thus, for each k & [0, 2], there exists x = Y4 =k* & [0, 2]
such that f{x) =k S0, fix)is onto.
Hence, [ is bijective function,
It is clear from the graph that it is a parabolic curve, So, let
the equation of the function is

ymax® #bx+c ki)
Points on the curve are A{1, 2), B2, 3)and Of=1, 6}
On putting the points A1, 2), B2, 3) and C(=1, 6)in the
Eq. (i) one-by-one, we get
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For onto Let y & (=1, 1) be any arbitrary element. Then, ALAL 2, 2= a1) +b()4 e = 2mat bt i)
the following cases arise

Case 1 When v 0. L 0< ALBZNIsa2® + 264 = d=dat 2bbe L (iii)
ase | When £ <1

Sy Y . and at C(=1,6) 6= a(=1)' + b(=1)+¢
Consider, y = ﬂ'ﬂ-ux ﬂ-ﬂ"m;‘-’“] = bma=h4c Aiv)

Om golving Eqs. (ii), (iii) and (iv), we get

+ -
= yryExr s yErowm gl be=2andc=3

¥

= x ':Eﬂ- for 05 y<1 On putting the values of a, band ¢ in Eq, (i), we get
Thus, for each y& [0, 1), there exists x = - R such y=ai=2c 43 )
i=y . Required equation of function is fi{x)= y= ¥ =2y 43
that f(x)m y. MNow, yl{x-ll'+2
Case Il When p<i, le.=l< y=0 — (x=1) my=2
X
Congider, y= fix)= [ ﬂ_t}-—-:l]] = 11‘-I]|:|:,||}I-Z
l=x l=x
= y=yr=y = ysyw+x=sxy+l) - *mlzyy=1
=p xm— < for=1< y<i Lelyllthtl:xIli.,‘li-Z
y#1 = ymltl=xm2 0
Thus, for each y & (=1, 0}, there exist x = y € R such Here, we see that for two different values of domain
that fx)= y. y+l (Le. x =0 2). We get same image (i.e. y =13),
From cases [ and 11, we get [ is onto. Hence, f{x}is many-one function,

SUMMARY

* Relation on Sets A and B Let Aand B be two non-emply sets, then a relation A from set Ato set B is a subset of cantesian product
AxB ie RgAxB

* Relation on a Set Let Abe a non-emply set. Then, a relation from Ato itself, L.e. a subset of Ax Ais called a redation on set A
« Domain, Range and Codomain of Relation Let A be a relation from set Ato set B, such that A = {{a.b):a € Aand b & A}. The set of

all first and second elements of the ordered pairs in A is called the domain and range respectively, |.e. Domain (R) = {a :(a,b) & R)
and Range (R) = {b :(a,b) € R}. The set 8 s called the codomain of relation A.

« Types of Relations

() Arelation Ain a set Ais called reflexive, if (a,a) € A, loreverya e A l.e. aRa Vae A

(il) Arelation Rin set Als called symmetric, f (@ b)e A= (b a)eRloreveryabe Ale aRb = bRavabe A

(i) A relation Rin set Als called transitive, If (a,b)& Rand (b,c)e R = (ac)e A vab,c €A, |.e.aRband bAc = afc, ¥ abc € A.
* Equivalence Relation A relation R on a set Als said to be an equivalence relation on A iff it is reflexive, symmetric and transitive.

* Equivalence Classes Consider an arbitrary equivalence relation R in an arbitrary set X. R divides X into mutually disjoint subsets A
called partitions or sub-divisions of X, satistying
(1) for each /, all elements of A, are related to each other, L. A UA = X
(i) no element of A, is related to any element of A,/ # /.
() VA =xandAnA=¢i#]
Then, subsets A, are called equivalence classes.
* Function (Mapping) For any two non-empty sets Aand B, a function / from Ato B is a rule or mapping which associates each
element of set Ato a unique element in set B,

* Domain, Codomain and Range of a Function Let /: A — B, then elements of set Aare called domain of f and the elements of set B
are called codomain of £, and the set of all f-images oblained in set B corresponding 1o each element belongs to Ais called range
of f.

* Types of Functions
(i) Afunction f: A — Bis called a one-one or injective function, If distinct elements of A have distinet Images In B.
(i) Afunction f: A — Bis called a many-one function, If there exist atleast two distinet elements in A, whose images are same in 8.
(i) Afunction f: A — Bis said to be onto or surjective function, if every element of 81is the image of some elements of Aunder /.
(iv) Afunction f: A — Bis an into function, If there exists an element in 8 which have no pre-image in A.

(v) Afunction /: A — Bis said 1o be one-one and onto or bijective function . If / is both one-one and onto.
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CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

I Let R be the relation in the set N given by
R={(a,b):a=b=2b>6) Then, the correct

option is INCERT]
(a)(24)e R (b)(3,8)eR
(c)(6,8)eR (d)(8,7)eR

2 Let R be arelation from R to R the set of real
numbers defined by R = {(x, y): x,ye R and
X=y+ V3 is an irrational number). Then, R is
(a) reflexive
(b) transitive
(c) symmetric
(d) an equivalence relation

3 ArelationR in set A= (1,2 3)is defined as
R=((1,1),(1,2),(2 2), (3, 3)). Which of the
following ordered pair in R shall be removed to
make it an equivalence relation in A?

[CBSE 2021 (Term 1))
(a) (1, 1) (b) (1,2)
(c) (2,2) (d) (3,3)

4 The maximum number of equivalence relations
on the set A= (1, 23) are [NCERT Exemplar|
(a)1 (b) 2 (c)3 (d)5

5 Let f:R — R bedefined as f(x) =x* Then, the
correct option is INCERT)

(a) [ is one-one onto
(b} f is many-one onto
(c) [ is one-one but not onto

(d} f is neither one-one nor onto.

6 Set Ahas 3 elements and the set B has 4
elements. Then, the number of injective
mappings that can be defined from Ato B is

INCERT Exemplar|
{a) 144 (d) G

(b} 12 (c) 24

Get More Learning Materials Here: & m

VERY SHORT ANSWER Type Questions
7 Ifthe relation R is defined on the set
A=(12 3,4, 5 byR = {(a, b):|a* = b*|<8). Then,
find the relation R. INCERT Exemplar|
8 LetA=(1,23),B= (45867 andlet

f={(1,4),(2,5),(3,6)) be a function from Ato B.
State whether [ is one-one or not. |All India 2011)

SHORT ANSWER Type Il Questions

9 If A= (1,2 3, 4) define relations on A which have
properties of being
(1) reflexive, transitive but not symmetric,
(i) symmetric but neither reflexive nor transitive.
INCERT Exemplar|
10 Show that relation R in the set of real numbers,
definedasR =((a, b):a < b’} is neither reflexive
nor symmetric nor transitive, INCERT)

Il Letn be a fixed positive integer. Define a
relationR in Z for alla, be Z, aRb, if and only if
a=bis divisible by n. Show that R is an
equivalence relation. INCERT Exemplar|

12 If f:R — R is the function, defined by

f(x) = 4x* + 7, then show that f is a bijection.
[Delhi 2011C)

LONG ANSWER Type Questions

13 Show that the relation R, defined in the set of A
all triangles as R = {(T,, Ty): T, is similar to Ty},
is equivalence relation, Consider three right
angle triangles T, with sides 3, 4, 5; T with sides
5,12,13 and T, with sides 6, 8, 10, which triangle
among T,, T; and T, are related? INCERT]

14 Show that the function f: N — N, given by
fin)=n=(=1" %ne N is a bijection.
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15 Let A=|-1 1], then discuss whether the

following functions defined on A are one-one
and onto or bijective,

() flx)=x/2
(iii) h(x)=x |x|

(i) glx)=|x|
(iv) k(x)=x?
INCERT Exemplar|

CASE BASED Questions
16 A general election of Lok Sabha is a gigantic

exercise, About 911 million people were eligible
to vote and voter turnout was about 67%, the
highest ever.

ONE - NATION
ONE - ELECTION
FESTIVAL OF
DEMOCRACY
GENERAL MY VOTE
ELECTION=-2019 YVR TV 14 2

Let I'be the set of all citizens of India who were
eligible to exercise their voting right in general
election held in 2019, Arelation ‘R’ is defined on
I as follows

R=((Vy,Vy):V, Vael)
and both use their voting right in general
election-2019) [CBSE Question Bank|
Answer the following questions using the above
information,

(1) Two neighbors X and Y € /. X exercised his
voting right while Y did not cast her vote in
general election-2019. Which of the following

is true?
(a)(X,Y)eR (b)(Y,X)eR
(e)(X,X)eR (d)(X,Y)eR

(i) Mr. X and his wife W both exercised their
voting right in general election-2019. Which

of the following is true?

(a) Both (X, W)and (W, X)e R
(b)(XW)e Rbut (W X)g R

(¢) Both(XW)e Rand(W . X)¢ R
(d)(W.X)e Rbut(X W)¢ R

(1) Three friends F, F, and F;, exercised their
voting right in general election-2019, then

which of the following is true?

Get More Learning Materials Here : i

e @)

(a) (F,FK)eR (F,F)eRand (F,F) &R
(b)(F,,F)eR (F, F)eRand (F,,Fy) ¢ R
(¢) (F,F) e R (F,, F,) € Rbut (Fy, F)) ¢ R
(d) (R, Fy) € R (F,, Fy) ¢ Rand (F,, Fy) ¢ R
(iv) The above defined relation R is
(a) symmetric and transitive but not reflexive
(b) universal relation
(¢) equivalence relation
(d) reflexive but not symmetric and

transitive
(v) Mr. Shyam exercised his voting right in

general election-2019, then Mr. Shyam is

related to which of the following?

(a) All those eligible voters who cast their
votes

(b) Family members of Mr.Shyam

(¢) All citizens of India

(d) Eligible voters of India

17 An organization conducted bike race under 2

different categories- boys and girls. Totally
there were 250 participants. Among all of them
finally three from Category 1 and two from
Category 2 were selected for the final race. Ravi
forms two sets B and G with these participants
for his college project.

Let B=(by, by, by) and G = {g,, g2), where B
represents the set of boys selected and G the set
of girls who were selected for the final race,

Ravi decides to explore these sets for various
types of relations and functions,
|Latest CBSE Sample Paper (Term 1))

Answer the following questions using the above

information,
(1) Ravi wishes to form all the relations possible
from Bto G. How many such relations are

possible?
(a)2° (b)2*
()0 (d)2*
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(ii) Let & : B — Bbe defined by

A=({x,y) : x and y are students of same sex),

then this relation B is

(a) equivalence

(b) reflexive only

(o) reflexive and symmetric but not
transitive

{d) reflexive and transitive but not
symmetric

(iii) Ravi wants to know among those relations,

how many functions can be formed from Bilo

G?

| ANSWERS |

1. ic) 2 (a) 3o

(a)2* (b)2" (e)3?
{iv) Let R : B =0 be defined by
H L [[bll E!L [b!l ;!L {bll s!}L lhﬂn H is

(a) injective

id) 2

(b) surjective
() neither surjective nor injective
(d) surjective and injective

Ravi wants to find the number of injective
functions from B to ;. How many numbers of

injective functions are possible?

(@)oo  (b)2 (c) 3!

(v)

id) o

4. {d) 5, (d) 6. (c)

7. R=fin, 1), 00, 2), (2,00, (2, 2), 02, 3), (5, 2), (3, 3, (3, 4), (4, 3) (4, 4), (5, 5}

B, One-one 9 G0y g, 1k, 2002 30, (2 20,0, 3), 08, 3),
13. T, and T,
16, (i) — (d). (i) —» (), (350) — (). {iv) — (b, (V) — (a)
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(4, 4)} Ciip{(z 2), 0, 2n (20 )

15, (i) f is one-one but not onto (i) g is neither one-one nor onto (i) b is bijective (iv) k is neither one-one nor onto

17, (i) — (a), (i) — (b, (008) — (), (iv) = (b), (v) — (a)

e @)
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